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A first-principles-derived scheme is developed and used to investigate the diffuse character of the
paraelectric-to-ferroelectric transition in ultrathin films made of BaTiO3, and to reveal its dependency on
mechanical and electrical boundary conditions, as well as on thickness. It is found that such diffuse character
does not require the presence of defects to occur, unlike commonly believed, but rather can originate from
surface-induced dipolar inhomogeneities in defect-free films.
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I. INTRODUCTION

Ferroelectric �FE� thin films are of considerable techno-
logical interest because of their potential in nonvolatile
memories, communication devices, and nanoelectromechani-
cal systems.1–4 Intense effort has been made recently to de-
termine if properties of these low-dimensional systems can
differ from those of the corresponding bulk. As a result, it
has been discovered that characteristics of thin films—that
are, the film’s thickness, the strain arising from the substrate
and the depolarizing field originating from the incomplete
screening of the polarization-induced charges at the surfaces/
interfaces—can generate novel properties of fundamental
and technological interest. For instance, a minimal critical
thickness below which a single ferroelectric monodomain
disappears was predicted to occur in FE thin films,5 and ep-
itaxial conditions were found to induce structural phases that
do not exist in the corresponding bulk �see, e.g., Refs. 6 and
7, and references therein�. Similarly, novel complex dipolar
patterns �such as ferroelectric stripes and bubbles� were dis-
covered to form and to originate from the depolarizing field
existing inside these films.8–10 One remaining important
“mystery” in FE thin films concerns the reported diffuse
character of their paraelectric-to-ferroelectric transition11–21

�a diffuse phase transition is characterized by a smearing of
the phase transition in a rather wide temperature interval
around the temperature at which the dielectric constant
reaches its maximum,22 which makes it technologically
promising for designing devices efficiently operating in a
large temperature range�. As a matter of fact, the microscopic
origins of this diffuseness, and why such diffuseness has
been observed to be enhanced when increasing the magni-
tude of the epitaxial strain11,12 or when decreasing the film
thickness,13–15 are poorly known. More precisely, this dif-
fuseness is commonly believed to be caused by point, line, or
planar defects or even strain-gradiants existing inside the
films.16–20 However, Ref. 21 recently suggested another ori-
gin, namely, that such diffuseness is a manifestation of
strain-induced or surface-induced dipolar disorder.

The aim of this paper is to use a first-principles-derived
technique to reveal the origin of the diffuse character of the
paraelectric-to-ferroelectric phase transition in ferroelectric

ultrathin films and to determine the precise effect of electri-
cal and mechanical boundary conditions, as well as the film’s
thickness, on such diffuseness. One important finding is that
the existence of such diffuseness does not require the pres-
ence of defects. We rather discovered that surface-induced
dipolar inhomogeneities between different film’s layers
�rather than a dipolar disorder within the film� can lead to
such diffuseness.

This paper is organized as follows. Section II describes
the numerical method we used. Section III presents our com-
putation results and discusses them in details. Finally, Sec.
IV briefly summarizes our findings.

II. METHODS

In this work, we simulate defect-free thin films made of
BaTiO3 �BT�, that are grown along the �001� pseudocubic
direction �chosen to be along the z axis� and are Ba-O termi-
nated at all surfaces/interfaces. These films are modeled by
L�L�m supercells that are periodic along the x and y axes
�which lie along the �100� and �010� directions, respectively�
and contain m �001� TiO2 layers stacked along the finite z
axis. Here, we chose to generalize the first-principles-derived
scheme of Ref. 23—that has been initially developed for
Ba1−xSrxTiO3 �BST� bulks with any composition—to BaTiO3
thin films, because it provides critical temperatures of BT
bulk in good agreement with measurements. The generaliza-
tion to BST thin films �for any Ba concentration, including
100%� consists in writing their total energies, Etot, as

Etot��ui�,�H,�vi�,��i�,��loc��

= EHef f��ui�,�H,�vi�,��i�,��loc�� +
1

2
��

i

�Edep	 · Z�ui,

�1�

where ui is the displacement of the Ti-centered local soft
modes in the unit cell i of the film �Z�ui yields the local
electrical dipole in that unit cell, with Z� being a Born effec-
tive charge24�. �H is the homogeneous strain tensor, while vi
are inhomogeneous strain-related variables.24 ��i� character-
izes the alloying configuration and ��loc� is the strain arising
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from the difference in size between Ba and Sr ions.23 EHef f
represents the intrinsic �effective Hamiltonian� energy of the
BST films. The first-principles-derived parameters and ana-
lytical expression of EHef f are those given in Ref. 23 for bulk
BST except for the dipole-dipole interactions for which we
use here the formula derived in Ref. 25 for thin films under
ideal open-circuit �OC� conditions. Such electrical boundary
conditions naturally lead to the existence of a maximum de-
polarizing field �denoted by �Edep	 and self-consistently de-
termined from the atomistic approach of Ref. 25� inside the
film. The second term of Eq. �1� mimics a screening of
�Edep	 via the � parameter. �=0 corresponds to ideal OC
conditions, while an increase in � lowers the magnitude of
the resulting depolarizing field, and �=1 corresponds to
ideal short-circuit �SC� conditions for which the depolarizing
field has vanished �note that the existence of dead/passive
layers at the electrode-film interface can be thought as cor-
responding to small � values26�. Moreover, mechanical
boundary conditions associated with epitaxial �001� films
can also be mimicked by freezing some components of the
homogeneous strain tensor.9,27 On the other hand, stress-free
systems are simulated by allowing the relaxation of all the
components of the strain tensor. Technically, Etot is used in
two different kinds of Monte Carlo �MC� simulations. The
first kind involves the Metropolis algorithm,28 while the sec-
ond kind of MC simulations is conducted within the so-
called Wang-Landau algorithm.29 The Metropolis algorithm
is used here to extract the layer-by-layer decomposition of
the local soft modes at any temperature �since extracting lo-
cal configurations is not trivial within the Wang-Landau al-
gorithm�. Moreover, the use of the Wang-Landau technique
allows here a “smooth” computation of the thermal average
of the supercell average of the local modes, �u	, �that is
directly proportional to the electrical polarization� and of the
dielectric susceptibility, �33 �where the “3” index refers to
the z axis�, for each temperature, T. In other word, one
strength of this Wang-Landau algorithm is to provide these
latter quantities with no large fluctuations for any tempera-
ture �unlike the Metropolis algorithm28 that usually yields
relatively large fluctuations of the physical properties close
to the transition temperature�. Note also that the Wang-
Landau approach is based on the observation that if configu-
rations c with total energy E�c� are sampled with a probabil-
ity proportional to the reciprocal of the density of states
1 /g�E�c��, then the resulting energy histogram is flat. The
goal of the Wang-Landau algorithm is to determine the den-
sity of state, g�E�. Such determination is accomplished via a
random walk in the energy space �with this space being prac-
tically divided into several energy bins Ei� with a probability
proportional to 1 /g�E�. The density of states and the energy
histograms, H�Ei�, are both updated each time an energy bin
Ei is visited. The fact that the probability of the random walk
is proportional to 1 /g�E� naturally guarantees that the energy
histogram becomes flat when all energy bins are about
equally well sampled �as they should be when reaching con-
vergency�. One particular strength of the Wang-Landau algo-
rithm is that many thermodynamics quantities can be pre-
cisely computed for any temperature, once having solely
determined g�E�. In our simulations, the energy histograms
are typically checked every 25�104 Monte Carlo �MC�

sweeps, and we impose the H�Ei� of the lowest energy bin to
be larger than 80% of the value of the energy histogram
averaged over all energy bins �as our criterion of flatness�.
More details of the Wang-Landau algorithm can be found in
Refs. 29.

The quantification of the diffuseness of the phase transi-
tion �if any� is practically accomplished by fitting the pre-
dicted �33 �in the paraelectric phase� by the Martinera and
Burfoot equation,30

1

�33
−

1

�33,max
= C�T − Tc��, �2�

where Tc is the temperature at which the dielectric response
is maximum, and where �33,max, � and C are determined
from the fit. For the present study, � is the most important
parameter since it provides information about the diffuseness
of the phase transition: for �=1, the transition is of the
Curie-Weiss type, while the transition is considered to be a
complete diffuse phase transition when �=2.30 A value-in-
between for � thus corresponds to an intermediate situation
between these two limiting cases.

III. RESULTS

Figure 1�a� displays the predicted thermal average of the
magnitude of the z component of the supercell average of the
local mode vector, �
uz
	, for a stress-free BT thin film having
a thickness of 24 Å and being under ideal SC
conditions—as mimicked by a 12�12�6 supercell with the
� parameter of Eq. �1� being equal to 1—as a function of
T-Tc.

31 �
uz
	 increases from rather small to more significant
values when decreasing the temperature below the Tc critical
temperature, which indicates that this BT film undergoes a
phase transition from a paraelectric cubic phase to a tetrag-
onal ferroelectric structure having a polarization oriented
along the z axis. Interestingly, Fig. 1�a� already hints that this
transition is diffuse in nature because of the significant po-
larization’s tail occurring above Tc. Moreover, Fig. 1�b� re-
veals that �33 of this 24 Å thick, stress-free BT film is rather
broad with respect to temperature. This confirms the diffuse
character of that phase transition, as consistent with
measurements11–21 and as evidenced by Table I that reports a
predicted � parameter around 1.59.

It is important to realize that the smear of the dielectric
anomaly with film thickness has been experimentally found
to start occurring near 40–1000 nm,14,15,21 while the smear of
polarization usually takes place at 10 nm or less. Saad et al.
called the former as a “dynamic” size effect, while the latter
is denoted as a “static” size effect.32 Here, we can only study
the static size effect because modeling films with a thickness
of 40–1000 nm is beyond our present computational possi-
bilities. Such static size effect is clearly evidenced in Figs.
1�a� and 1�b�, where the smear of the polarization and dielec-
tric response can both be seen.

Note that Figs. 1�a� and 1�b� also present �
uz
	 and �33 for
BT bulk, as mimicked by a 12�12�12 supercell that is
periodic along any of the three Cartesian directions.33 One
can see two jumps of �
uz
	 below Tc, that coincide with the
well-known tetragonal–to-orthorhombic and orthorhombic-
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to-rhombohedral transitions of BT bulk, respectively.23,35

Furthermore, the corresponding � parameter of BT bulk is
numerically found to be around 1.05, according to our Wang-
Landau simulations, that is very close to the ideal Curie-

Weiss value of 1 as well as to the value of 1.08 experimen-
tally reported in Ref. 36 for BT bulk.

Figures 1�a� and 1�b� also show �
uz
	 and �33 of three
other BT thin films, as a function of their own reduced tem-
perature, T-Tc.

37 Their differences with respect to the previ-
ously studied film stem either from the electrical boundary
conditions �namely, the � parameter is now chosen to be
0.95 rather than 1�, the mechanical boundary conditions �by
considering a BT film under a compressive, epitaxial strain
of −2%, rather than being under stress-free conditions�, or
the film’s thickness �by selecting m=12 rather than 6�. As
indicated in Table I, the critical temperature is dramatically
affected by such differences.38 For instance, Tc decreases
when decreasing the � parameter, as consistent with the fact
that an increase in magnitude of the depolarizing field tends
to suppress the spontaneous polarization.7 On the other hand,
the compressive epitaxial strain strongly increases the critical
temperature of BT films, as consistent with previous findings
of Refs. 6, 11, and 39. Note also that, as revealed by Fig.
1�a�, all the studied films exhibit a net polarization along the
z axis below their Tc critical temperature35 �domains with no
net polarization arise for values of � smaller than those in-
vestigated here, along with large enough compressive
strain9�. Table I reports the corresponding � parameters aris-
ing from the fit of the dielectric response displayed in Fig.
1�b� by Eq. �2� for all the presently considered cases. Re-
garding the effect of electrical boundary conditions on physi-
cal properties, the most notable observation is that decreas-
ing � from 1 to 0.95 in the stress-free, 24 Å thick BT film
reduces the polarization tail and makes the dielectric re-
sponse less broad, resulting in a dramatic decrease in � from
1.59 to 1.23. In other words, our calculations reveal that
“slightly” increasing the magnitude of the depolarizing field
results in a less diffuse phase transition. On the other hand,
going from a stress-free mechanical boundary condition to a
compressive strain in the 24 Å thick BT film, while keeping
it under ideal SC conditions, generates a polarization tail that
is still significant for temperature much above Tc �see Fig.
1�a�� and a � parameter that increases up to 1.71. Such find-
ings are consistent with the observations of Ref. 11 that the
epitaxial strain arising from the substrate increases the dif-
fuseness of the paraelectric-to-ferroelectric phase transition
in ferroelectric thin films. Finally, Fig. 1 and Table I indicate
that such transition becomes less diffuse when solely increas-
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FIG. 1. �Color online� Thermal average of the magnitude of the
z component of the supercell average of the local mode vector
��
uz
	, panel �a�� and of the out-of-plane dielectric susceptibility
��33, panel �b�� as a function of the reduced temperature �T-Tc�, in
the studied �001� BT ultrathin films. Tc is the temperature at which
�33 peaks. The other �x and y� components of the local mode are not
shown in panel �a� because they are nearly null for the displayed
temperatures. The corresponding data for BT bulk are also
indicated.

TABLE I. Critical temperature and parameters quantifying the diffuse character of the paraelectric-to-
ferroelectric transition ��, see Eq. �2�� and the dipoles’ inhomogeneity �gz, see Eq. �3�� in the presently
studied �001� BT ultrathin films. We numerically checked the convergency of our results with respect to the
periodic in-plane supercell length, L, by typically considering three different values for L �namely, L=12, 18,
and 24�. Tc is given in Kelvins, � is dimensionless, and gz is given, in lattice constant units, at the fixed small
temperature of 50 K and at the fixed T /Tc ratio of 0.9. The predicted Tc is close to 390 K in BT bulk, in good
agreement with experiments �Ref. 23�.

Studied BT film Tc �K� � gz�T=50 K� gz�T /Tc=0.9�

Stress-free, 24 Å thick, under SC conditions 1357 1.59 0.093 0.030

Stress-free, 24 Å thick, with �=0.95 667 1.23 0.051 0.024

Compressed, 24 Å thick, under SC conditions 2155 1.71 0.103 0.031

Stress-free, 48 Å thick, under SC conditions 855 1.55 0.079 0.025
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ing the film’s thickness, as evidenced by, e.g., the decrease in
� from 1.59 to 1.55 when increasing m from 6 to 12 in a
stress-free BT film under ideal SC conditions. Such trend is
consistent with the measurements of Ref. 13 that observed a
decrease in � from 1.98 to 1.78 when increasing the thick-
ness from 50 to 320 nm in BT thin films �note that such
grown films likely have defects and the aforementioned dy-
namic size effect, which can contribute to the reported large
values of ��.

Having established that our scheme can reproduce the dif-
fuse character of the phase transition in ferroelectric thin
films, let us determine the microscopic origin of our findings.
For that, Fig. 2 reports the layer-by-layer decomposition of
the thermal average of the z component of the supercell av-
erage of the local mode vector, �uz	, for all our considered
BT films, at 50 K. One can clearly see a rather large surface-
induced inhomogeneity of the dipoles. More precisely, the
layers being the closest to the surface/interfaces exhibit a
�15% enhancement of their magnitude with respect to the
dipoles centered in the inner layers. Such enhancement has
been previously reported in several low-dimensional
systems,7,40–42 and arises from the truncation of short-range
interactions—that oppose the onset of local dipoles, near the
surfaces/interfaces.43 The quantification of such dipoles’ in-
homogeneity can be practically done by computing

gz =� 1

N
�

i

�uz�i� − �uz	�2, �3�

where the sum over the i index runs over all the different m
�001�-TiO2 layers and where uz�i� is the z component of the
local mode averaged in the layer i �while �uz	 is the z com-
ponent of the local mode averaged over the whole film, as
indicated above�. Table I provides the values of gz at the
fixed small temperature of 50 K, as well as at the fixed T /Tc

ratio of 0.9, in all four studied cases �note that Tc varies
between these different cases, as indicated in Table I�. Table
I reveals a well-definite correlation between these gz and the
“diffuse” � parameter: the larger gz the bigger �. In other
words, our calculations demonstrate that the diffuse character
of the phase transition originates from surface-induced dipo-
lar inhomogeneities. Figure 2 and Table I also provide the
microscopic reason for the reduction in the diffuse character
of the phase transition when decreasing �: it simply arises
from the fact that the difference between the local dipoles at
the surfaces and those inside the film decreases as the mag-
nitude of the depolarizing field increases. Conversely, such
difference increases when going from stress-free mechanical
boundary conditions to a significant value of the compressive
epitaxial strain, which thus results in a larger gz and thus to a
more diffuse phase transition. Finally, increasing the film’s
thickness leads to a reduction in the overall inhomogeneity
and therefore to a less diffuse phase transition, because of the
resulting decrease in the ratio between the dipoles centered at
the surface layers and those located in the inner layers.

IV. SUMMARY AND DISCUSSION

In summary, our first-principles-based effective Hamil-
tonian calculations indicated that the paraelectric-to-
ferroelectric phase transition of ultrathin films can have a
diffuse character even in defect-free films. Such diffuseness
is found to originate from surface-induced dipolar inhomo-
geneities. It naturally depends on the mechanical and electri-
cal boundary conditions and film’s thickness because such
films’ characteristics affect the difference between surface
and inner dipoles.

Note that recent first-principles calculations showed that
the surface-induced enhancement of dipoles shown in Fig. 2
may not be a systematic property of electroded BaTiO3 films,
and may, in fact, depend on the chemical nature of the elec-
trode �e.g., SrRuO3 versus Pt�.44 Interestingly, Eq. �3� and its
aforementioned connection to the � parameter suggest that
what matters for the occurrence of diffuse phase transition is
the difference between surface/interface and inner dipoles. In
other words, it is likely that an electrode causing the dipoles
at the surface/interface to be smaller than those inside the
films will still yield a diffuse phase transition, providing that
the difference between these two types of dipoles is signifi-
cant enough. We thus hope that our study will deepen the
current understanding of phase transition in low-dimensional
dipolar systems.
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